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Let S = (sn)∞n=0, sn ∈ F2, n = 0, 1, . . ., be a binary sequence. For crypto-
graphic applications the unpredictability of such a sequence is crucial. There are
several measures of pseudorandomness which can be used to sieve bad sequences
including

1. linear complexity,

2. correlation measure of order k,

3. maximum-order complexity,

4. expansion complexity

defined below. These measures are partly not independent and partly complete
each other. First we study their relations. Then we analyze these measures for
some sequences including the Legendre sequence, the Sidelnikov sequence, the
Thue-Morse sequence and the subsequence of the Thue-Morse sequence along
squares.

Each talk will focus on one of these four measures of pseudorandomness.

1. Linear complexity

The N th linear complexity L(S, N) of S is the smallest positive integer L such
that there are constants c0, . . . , cL−1 ∈ F2 with

sn+L = cL−1sn+L−1 + . . . + c0sn, n = 0, 1, . . . , N − L− 1.

The linear complexity L(S) of S is

L(S) = sup
N∈N

L(S, N).

For a prime p > 2 the Legendre sequence L = (`n)∞n=0 is the p-periodic
sequence defined by

`n =

{
1, n is a quadratic non-residue modulo p,
0, otherwise.

We will determine the values of L(L) first found by R. Turyn. In particular, we
have

L(L) ≥ (p− 1)/2.

Dealing with sequences of even period is in general more complicated than
with odd period. We explain some difficulties studying the example of the
(q − 1)-periodic Sidelnikov sequence D = (dn)∞n=0 defined by

dn =

{
1, gn + 1 is a quadratic non-residue modulo p,
0, otherwise,
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where q is the power of an odd prime and g a primitive element of the finite
field Fq.

Finally, we study the expected value of the Nth linear complexity of a truly
random sequence which is close to N/2. This result is obtained by a careful
study of the Berlekamp-Massey algorithm.

2. Correlation measure

The N th correlation measure of order k of S introduced by Mauduit and Sárközy
is

Ck(S, N) = max
M,D

∣∣∣∣∣
M−1∑
n=0

(−1)sn+d1 · · · (−1)sn+dk

∣∣∣∣∣ , k ≥ 1,

where the maximum is taken over all D = (d1, d2, . . . , dk) with integers satisfying
0 ≤ d1 < d2 < · · · < dk and 1 ≤M ≤ N − dk.

First we will prove an upper bound for the correlation measure of order k for
the Legendre sequence which is close to the expected value of a truly random
sequence.

Then we prove a relation between correlation measures and Nth linear com-
plexity. Roughly speaking, this shows that the correlation measure is a finer
quality measure for cryptographic sequences.

Finally, we apply this relation to get a lower bound on the Nth linear com-
plexity of the Legendre sequence which is non-trivial for N at least of order of
magnitude p1/2+ε.

3. Maximum order complexity

The N th maximum order complexity M(S, N) is the smallest positive integer M
with

sn+M = f(sn+M−1, . . . , sn), 0 ≤ n ≤ N −M − 1,

for some mapping f : FM
2 7→ F2.

Obviously, we have
M(S, N) ≤ L(S, N).

We will see that correlation measures and maximum order complexity are
also related and use this relation to prove a moderate lower bound on the max-
imum order complexity of the Legendre sequence.

Then we study the Thue-Morse sequence T = (tn)∞n=0 defined by

t0 = 0, t2n = tn, t2n+1 = 1− tn, n = 0, 1, . . .

It turns out that M(T , N) is of order of magnitude N . However, this implies
that the correlation measure C2(T , N) of order 2 is also of order of magnitude N
and concerning this measure the Thue-Morse sequence does not behave like a
random sequence.

However, taking a certain subsequence of the Thue-Morse sequence may de-
stroy some undesirable structure but still keeps enough structure of the original
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sequence which can be used to study the maximum-order complexity. In par-
ticular, for the Thue-Morse sequence along squares Q = (tn2)∞n=0 we show that
M(Q, N) is at least of order of magnitude N1/2.

4. Expansion complexity

Let

G(x) =

∞∑
n=0

snx
n

be the generating function of S. Then the N th expansion complexity E(sn, N)
is the least total degree of a nonzero polynomial h(x, y) ∈ F2[x, y] with

h(x,G(x)) ≡ 0 mod xN .

We can show
E(S, N) ≤ L(S, N) + 1.

Indeed, the expansion complexity can be much smaller than the linear complex-
ity. For example, the Thue-Morse sequence has linear complexity of order of
magnitude N but its generating function G(x) satisfies

(1 + x)3G(x)2 + (1 + x)2G(x) + x = 0

and thus we have
E(T , N) ≤ 5.

On the other hand, the Thue-Morse sequence along the squares satisfies

lim
N→∞

E(Q, N)→∞.
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